We show that the parameters of the quark mass matrices M u and M d of a 4 texture zero model, exhibit an interesting hierarchical regularity we have called equal spacing rule, and that this regularity leads us to a further observation that the quark mass matrices (M u , M d ) appear to exist in a plurality of states, each state labelled by two numbers (N, k). We give interpretation to these observations.
Introduction
The 4 texture zero hermitian quark mass matrix [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] continues to present interesting study, first with respect to the extent the model reproduces experimental data, and secondly the extent any such agreement with data is controlled by the hierarchies, including geometric hierarchy, of the various parameters of the texture zero quark mass matrices M u and M d . We focus in the present article on the latter problem.
To reach the hierarchy problem we have first to state in some detail the formalism of the 4 texture zero hermitian mass matrix. This we do in section 2. In section 3 we adopt some approximations that simplify our formalism, but enable us to calculate analytically, the various parameters of our mass matrices M u and M d . Armed with the parameter values, we proceed in section 4 to discuss the hierarchies of these parameters, and discover the equal spacing rule that underlines the good agreement the 4 texture zero model has with experimental data. In section 5 we consider the possible interpretation of the observed equal spacing rule of the 4 texture zero mass matrices. We state our final results and conclusions in section 6.
The 4 Texture zero quark mass matrix
In their most familiar form, the mass matrices of the 4 texture zero hermitian model are given by :
where D u , D d are new non-zero elements in the (2,2) position, not possessed by the original 6 texture zero quark mass matrix model of Fritzsch [13, 14] . The claim in the literature [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] is that this 4 texture zero model endowed with the extra non-zero (2,2) element, gives better agreement with data than the 6 texture zero model of Fritzsch. Our interest is in seeing to what extent this acclaimed success of the 4 texture zero model is tied up with some intrinsic features, probably of hierarchical nature between mass matrix elements, of the 4 texture zero model.
A standard formalism of analysis of M u and M d is to first separate out the complex phases of their elements:
A u = |A u |e iφ Au , B u = |B u |e iφ Bu ;
where the phases are however unknown and need to be determined later. Next one factors out these phases from M u and M d , and leaves real mass matricesM u ,M d defined by : M u → P uMu P † u and M d → P dMd P † d , wherê (2) and
with the relations:
where
We next diagonalizeM u andM d through the equations :
, where O is some orthogonal matrix whose elements we can calculate using the standard method of eigenvectors. The λ 1 , λ 2 , λ 3 are the eigenvalues we can identify with quark masses in the following way:
The reason for the negative sign for m c , m s will be explained below.
We invoke similarity transformation invariants to enable us relate the unknown elements |A|, |B|, D, C, of the mass matrices to the mass eigenvalues λ i . Because there are only three invariant conditions while there are four unknown parameters in this 4 texture zero model, we can remove at most only three of the four parameters, leaving one unknown parameter we choose as C. Then the above parameters are determined for now as:
We note the negative sign under the square root λ expression for |A u | and |A d |. This requires that one of the λ 1 , λ 2 , λ 3 eigenvalues must be negative so that |A| can be a real parameter like C. We can achieve this by putting (λ 1 , λ 2 , λ 3 ) = (m 1 , −m 2 , m 3 ). But other choices are possible, a fact Fritzsch and Xing [1] have tried to deal with by introducing an η = ±1 sign convention. We have not pursued that line of elaboration here.
Upon setting up the eigenvector equations of our new orthogonal matrices, we determine their normalized eigenvectors to be :
whence we determine O u as:
Similarly we have for the dsb sector:
whence we determine O d as:
Given now O u and O d , we compute elements of V CKM predicted by the four texture zero model. We have :
where P = P † u P d was given earlier in equation (4) . The various elements of V CKM are thereafter given by :
Explicitly we obtain:
We note that unlike the 6 texture zero case where each element |V ij | is expressed entirely in terms of the known quark masses (and two phase angles), in the present case of 4 texture zero the unknown parameters C u and C d appear in every element |V ij |, plus the same two phase angles ψ and φ. These parameters can play the role of adjustable parameters needed to accommodate a range of measured flavor mixing. More generally the 4 texture zero model with the above feature allows us to regard C u , C d as well as all the other parameters |A|, |B|.D, linked to C u , C d by equation (6) , as adjustable parameters, a feature the 6 texture zero model did not have. Armed with this feature we can analyze the 4 texture zero model further and determine directly the magnitudes and hierarchies of these parameters, supported by experimental data.
Approximations and numerical Analysis of the 4 texture zero model
We adopt at this stage, a minimal set of reasonable assumptions designed to simplify the various |V ij | expressions above. We invoke the known hierarchy of quark masses:
as quantities we need to specifically calculate and determine. With these approximations the above V ij quantities become:
or
Notably, we see in this 4 texture zero model, that many of the |V ij | quantities owe any non-zero value they may have experimentally to the values we attach to the ratios C u /m t and C d /m b , and by implication from equation (6), to the hierarchical values of the rest parameters of M u and M d . Such critical dependence of the predictions of a texture zero model on hierarchies of the parameters of the model while present in the 4 texture zero case as shown above, are not present in the 6 texture zero model. We show this helps explain and illuminate some of the lack of consistency and agreement of the 6 texture zero model with experiment.
Thus we note from our equation (31) that the familiar result for the Cabibbo angle obtained in the 6 texture zero model [13, 14] namely:
is only reproduced here (in the 4 texture zero formalism), when we assume
But then from our equations (33), (39), (41), (43), the same assumption leads to zero values for |V ub |, |V cb |, |V td | and V ts |. We see this as a good reason why the 6 texture zero model has difficulty with its other predicted relations, namely:
and
Equations (47) and (48) would appear not intrinsically compatible with equation (46). The only way equations (47) and (48) can arise from our 4 texture zero model, is if we adopt a different approximation for V ub and V cb namely :
whence
as in the 6 texture zero model.
By similarly dropping third order quantities and adopting a different approximation for V td and V ts in equations (41-43), namely:
we obtain :
found in the 6 texture zero model. The fact remains however that these reapproximations (49)- (53) are not compatible with the approximation leading to equation (46).
Determining the values of
We now take advantage of the intrinsic features of the 4 texture zero model, contained in the several relations above, to determine directly the quantities C u /m t , C d /m b . We use either of the equations:
as our basis to determine C u /m t and C d /m b . We make the simple assumption that the relativity values C u /m t and C d /m b are the same in the M u sector as in the M d sector of texture zero mass matrices. This means we take C u /m t = C d /m b whence using |V cs | equation (37), we obtain:
. Then we deduce that:
As input data for measured V CKM elements we have taken values quoted in a recent paper by Lenz [15] , namely: (59) For quark masses, we shall use the following values, with the observation that the quark masses do in general run because of renormalization group effects which we do not consider here.
3.2 The phase angles φ 2 and φ 1
We can next plug these quantities into the equation
and determine phase angle φ 2 therefrom. We use the |V cb | equation and insert its measured value of |V cb | = 0.04508. We now find the choice of angle φ 2 for which the right hand side yields the same numerical value as the data. We get φ 2 = 164 o . If we use the |V ts | equation whose measured value is |V ts | = 0.04068 we get φ 2 = 165.5 o .
We can next determine the phase angle φ 1 from the two equations:
We obtain the following values: φ 1 = 100.6 o from |V us | = 0.22545, or φ 1 = 100.7
o from |V cd | = 0.22529. Phase angle ψ = φ 1 + φ 2 , while angle φ = φ 2 from equation (5).
Other parameters of
Finally we find other parameters of the texture zero mass matrices M u and M d , by using the set of equations (6):
Then in summary we have for the 4 texture zero mass matrices M u , M d that their parameters have the values (in GeV):
We see that these parameters have a definite hierarchy : But then, we notice other striking hierarchical feature of our model when we transform our above parameter values into ratio quantities, thus:
We see the ratios appear to obey equal spacing rule that is particularly noticeable in the M d case. The ratios of succeeding elements, including the (1,2) or (2,1) element, are the same across the mass matrix. This prompts further examination of the hierarchy issue which we now undertake.
The hierarchy question in the texture zero Model
It is clear from the analysis above that the 4 texture zero model as presented is characterized by certain distinctive hierarchies among the parameters of the mass matrices M u and M d . A logical deduction is that whatever success the model has in explaining experimental data on flavor mixing and flavor physics generally, must have as a factor, this dominant hierarchical state or phase of the model. Then a question arises whether the model has one unique hierarchical state that is in agreement with experiment, or a number of such experimentally allowed hierarchical states or phases. What in the end would such duplicity of allowed hierarchical states of M u , M d mean from a symmetry point of view? We find we can provide below some answers and insights into these questions.
Our approach to the problem is to hold as central, the observed equal spacing rule equation (72) found for M u and M d , and use it to characterize the 4 texture zero model. We assume as reasonably exhibited in equation (72) that the rule applies equally in the M u sector as in the M d sector. We denote the value of the equal spacing by a number k where k = 0.16 for equation (72) that we now regard as just one of several possible allowed hierarchical states or modes of the 4 texture zero model. We show that similar states of (M u , M d ) exist that are also dictated by present experimental data, but that each such other state has a different k value that distinguishes it. Thus k is to be seen as playing the role of a quantum number that labels different hierarchical states of (M u , M d ), where each k-state describes experimental data in much the same way as other k labelled quantum states of M u and M d .
Before discussing k further, we notice that our specification of the parameters of M u and M d in equations (65) -(72) needed a prior input data or specification for the quantities C u /m t and C d /m b . This choice and specification we made in equation (55), and this alone enabled us to calculate and fix the parameters C, |B|, D, |A| of the model for both M u and M d . We can say then that our 4 texture zero model was characterized not only by k, but also by another quantum number we denote by N and define as:
Given N and k, we can specify completely the parameters of We can assert, on the above basis, that the 4 texture zero model through its mass matrices M u and M d , exists in hierarchical quantum states that are described by just two mutually commuting quantum numbers (N, k) . The quantum number N specifies the mass scale of the system while the quantum number k specifies the rate of fall off of the mass scale with flavor, for given N.
Our assertion is buttressed further by the fact that equation (56) which is another valid experimental data like equation (55), already shows that another choice of N value is possible given by N = N 2 = 0.999135 = |V tb |. We can calculate the k number associated with this N 2 and show that k = k 2 so obtained is different from k 1 value of equation (72), thus defining another allowed (N, k) quantum state of (M u , M d ). We give these details. 
These angles are comparable to the ones found earlier for the (N 1 , k 1 ) state, suggesting that the phase angles are not suitable parameters or numbers to use to characterize M u and M d .
We can generate other (N i , k i ), i, j = 1, 2, 3, 4, 5, .... quantum states of the M u , M d system by stretching the quantities |V cs | and |V tb used earlier to define N 1 and N 2 , by their experimental error bars, in a manner suggested by Xing and Zhang [3] and also Verma et. al. [4] . For example in place of |V cs | = 0.97341 = N 1 used in equation (55) to define N 1 , we can choose from equation (59): |V cs | = 0.97362 = N 3 and calculate its corresponding k 3 value thus generating a new and still experimentally allowed quantum state (N 3 , k 3 ) of our M u , M d system. Therefore our analysis leads us to the conclusion that the flavor systems M u and M d live in a plurality of allowed quantum states (N i , k i ).
Independent investigations carried out by Yu-Feng Zhou [12] and by Giraldo [17] indicate also that other variants of the 4 texture zero model, not necessarily of equation (1) pattern, exhibit also hierarchical features amenable to the (N, k) quantum state description or labelling for (M u , M d ).
equal spacing rule, or minimally a geometric hierarchy. The features lead us to an important observation that the quark mass matrices (M u , M d ) exist in a series of quantum states each labelled by two commuting numbers (N, k). The two numbers select SU(3) as a Weak Basis (WB) symmetry group of the pair of mass matrices (M u , M d ). The two quantum numbers (N,k) are expected to be relevant in ongoing efforts to embed the 4 texture zero model in SO (10) and other GUT theories of Particle physics.
